This paper describes a semi-global exponentially stable output feedback control law for automatic heading control of ships described by a nonlinear model. Only compass yaw angle feedback is used. The yaw rate signal is reconstructed by a linear observer. A wave lter is included in the observer to reduce wear and tear on the rudder servo due to 1st-order wave-induced disturbances. Integral action is included in the control law to compensate for wave drift 2nd-order wave disturbances, low-frequency wind and current disturbances. The performance and robustness of the controller are demonstrated in a simulation study of two medium-sized ships.
Introduction
Conventional autopilots for ships require feedback from the yaw angle and yaw rate. Most ships, however, are only equipped with a gyro or a magnetic compass to measure the yaw angle. Hence, the yaw rate must be estimated by using a state estimator observer. In addition to this, the yaw angle measurement is corrupted with wave-induced coloured noise. The wave disturbances are usually divided into 1st-order wave disturbances oscillatoric behaviour and 2nd-order wave disturbances wave drift, see Faltinsen 1990 for instance. Hence, the control system must generate the rudder signal by using ltered measurements. Moreover, the states are not directly available for feedback. This paper proposes an output feedback controller with wave ltering properties and integral action. Output feedback of ships with emphasis placed on nonlinear damping has also been discussed by P aulsen 1996. An input error adaptive output feedback control law for ships has been proposed by Lauvdal and Fossen 1995 . The control law in this paper is based on an extension of the work of Berghuis 1993. 
Ship and Wave Disturbance Modelling
The wave lter problem is usually solved by modelling the compass measurement as the sum Fossen 1994:
where L represents the the low-frequency ship dynamics and H is coloured measurement noise due to the 1st-order wave disturbances. Hence L must be reconstructed from by the observer since this is the signal which should be used for feedback. The 1st-order wave disturbances can be described by a 2nd-order linear approximation to the Pierson-Moskowitz spectral density function, see Fossen 1994 and references therein:
where n is the relative damping ratio, ! n is the dominating wave frequency, K w 0 is a constant and ! H is Gaussian white noise. The yaw dynamics of the ship can be conveniently described by the nonlinear model of Norrbin 1963 
The transfer function 15 is shown in Figure 1 . Assumption 2 For simplicity it is assumed that n = 0 :1, and ! n = 0 :5, which gives c 1 = 0 :1, and c 2 = 0 :5. The stability proof in Theorem 1, however holds for n 0 and ! n 2 ! min ; 1 with ! min ! b where ! b is the bandwidth of the ship. The lower bound on ! n is necessary since the additional phase lag from the notch lter will destabilize the control loop when the notch lter center frequency is close to the ship's bandwidth. In cases where the actual dominating wave frequency is lower than ! min , a c ceptable performance c an still be achieved with ! n = ! min . When wave frequencies are within the bandwidth of the ship, we do not require wave ltering. In practice, the dominating wave frequency can be estimated with a frequency tracker and fed to the observer Holtzh uter and Strauch 1987.
Assumption 3 Two of the poles are chosen equal to ! n , s e e F ossen 1993.
Hence i t c an be shown that Appendix A: The upper limit is found by requiring that the matrix Q in 38 is positive de nite. From Appendix A, it can be s e en that for = 0 , limits for L d2 and L p2 do not exist. Hence 2 must be g r eater than zero as assumed in 23. Assumptions 1 4 imply that the two poles and the zero can be speci ed by three gains K d ; and 2 . The other two poles are placed such that wave ltering is accomplished at ! = ! n . Hence and 2 can be chosen within the limits of 4 and 11, whereas K d must be chosen according to Theorem 1 below. In the proof of Theorem 1, it will be assumed that K w = 0, which means that there is no wave-induced disturbances. This will not represent a n y loss of generality, because Theorem 1 only states that the nonlinear ship model, with the output feedback control system including wave ltering properties and integral action, is exponentially stable. Hence, it is not necessary to include environmental disturbances in the proof, although the purpose of the wave-lter and integral action is to deal with these disturbances. The problem with environmental disturbances belongs naturally in a robustness analysis, and, as indicated in Figure 2 , it can be shown that the system is uniformly ultimately bounded if the environmental disturbances and model uncertainties are assumed bounded. This problem will not be addressed here. The closed-loop for the LF part of the observer is obtained from 13, that is: Since is a function of x we m ust assume that is bounded by max . 
Simulation Study
The controller and observer are tuned to obtain maximum tracking capabilities at the same time as the wave-induced disturbances are suppressed at higher frequencies. The chosen parameters do not match all those used in the stability proof, because the stability results are rather conservative.
Case Study 1: Perfect Model Structure
The model 4 6 is used. Model data is taken from a medium sized cargo ship, see Table 1 . For the controller it is assumed 20 error in m, and 40 error in d 1 and d 3 . The ship parameters and control parameters are shown in Table 1 , whereas the control gains are given in Table 2 . Figures 3 and  4 show the results when the controller is tuned with low and high gains. The controller and observer gains are given in Table 3 . 
Conclusion
In this paper we h a ve described an output feedback control law for automatic heading control of ships described by a nonlinear model. Only feedback from a compass yaw angle was used, and the yaw rate signal was reconstructed by a linear observer. A wave lter was included in the observer to reduce wear and tear on the rudder servo due to 1st-order wave-induced disturbances. Integral action was also included in the control law to compensate for wave drift 2nd-order wave disturbances, low-frequency wind and current disturbances. The total system was proved to be semi-globally exponentially stable. Finally, the performance and robustness of the control law w ere demonstrated in a simulation study of two medium-sized ships. 
By solving 45 -48 for L d2 and L p2 , and using 20, and p 3 = p 4 = ! n = 0:5, and n = 0 :1, we obtain: The Lyapunov function given in 33 can be divided into three parts: The ship-controller system, the low-frequency observer, and the high-frequency observer. To simplify the analysis, each system will be analysed separately. 
